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Distribution of Torque in a
Dual-Frequency Liquid Crystal
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(Received December 21, 1983)

We derive the equations that relate the torque distribution to the voltage and configura-
tion when voltages at two or more frequencies are superimposed in a liquid crystal for
dual-frequency applications. In such a material, the dielectric anisotropy factor y
changes sign from positive to negative as the frequency is raised through a cross-over
frequency f,. The director torque is proportional to vy, to the square of the electric field
E, and to sin(26) where @ is the angle between the field and the director. The results are
complicated by the fact that E is not constant across the cell, but varies with director
orientation. The derived equations apply to the general case of a lossy medium. An
example is given in which a high frequency overcomes the orienting effect of a low
frequency.

1. INTRODUCTION

A liquid crystal for dual-frequency applications (dual-frequency
material) is one in which the dielectric anisotropy ¢, — €, changes sign
from positive to negative as the frequency is raised through a cross-over
frequency f..'> Below f,, the electric field applies a torque that tends
to align the liquid crystal director along the field direction, but above
£, perpendicular to the field direction.

The torque is proportional to the dielectric anisotropy factor, to the
square of the electric field, and to sinfcos § where 8 is the angle
between the field and the director. As is well known, the field
magnitude is not constant through the cell, but varies with director
orientation. Thus, even at a single frequency, the torque varies in a
nontrivial way across the cell. In a purely dielectric liquid crystal, one
assumes that the normal component of the electric displacement

tWork performed at Bell Laboratories, Holmdel, NJ 07733.
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vector D is constant because this gives D zero divergence, which is a
fundamental relation that applies in the absence of space charge. An
appropriate generalization of this relation for a lossy material is that
the total current (conduction plus displacement) have zero divergence.
The extreme case in which the conduction current alone has zero
divergence has been considered by Deuling and Helfricl’ and Deuling.*

In the external circuit, one controls only the voltage across the cell,
not, of course, the field distribution. In this paper, we derive the
equations that relate the torque distribution to the voltages and
configuration when voltages at two or more frequencies are superim-
posed in a dual-frequency material.

2. CHARACTERIZATION OF THE MATERIAL

The dielectric and resistivity properties of a dual- frequency liquid
crystal can be characterized by the dc conductivities o, 05, and
frequency dependent complex permittivities ¢ and €% . These parame-
ters can be determined from measurements of the dc resistivity, and of
the capacitance and quality factor as a function of frequency, carried
out in a homeotropically aligned cell for the || quantities and in a
homogeneously aligned cell for the L quantities.

We shall use asterisks to denote complex quantities.

Under electric field E; = Re(E*) the conduction current density is
Jy = o" ‘E, and the displacement current density is D|| Re(el’l"E *).
For a homeotropic cell of cross-sectional area 4, the current in the
circuit is A(J, + D||). Hence, the admittance of such a cell of thickness
dis

A g . A 4 ,
Y= E(al‘l‘ +jwc|’|") = —c-i-(o(l’ + 0, +jwe“) (2.1)
where we have written
€ = ¢, —Jjo, /v, (2.2)

with €, = Re(¢), o) = Re(jwe). Eq. (2.1) is the same as the admit-
tance of a parallel arrangement of a capacitance C, and a resistance
R, having the values

c-ad g d (2.3)
i 4 ’ P * ’
Kl A(of + o)
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The quality factor Q is

OJE”

0 =wC,R, = (2.4)

de .
oy + oy

Similar equations apply to ¢%¢ and €, in the homogeneously aligned
cell. Thus, measurement of the dc conductivity and of C, and Q as
functions of frequency enable the material to be characternized.

3. ANALYSIS OF TORQUE

Dual-frequency materials typically have €, constant in the frequency
range of interest while ¢, drops with increasing frequency from a value
€ > ¢, to a value of €° <e¢,. In a simple model with a single
relaxation time, the complex permittivity is given by’

€’ — e
1+ jor’

€f =€ +

(3.1)

In what follows, we shall assume ¢, = constant but a general ¢ as in
(2.2).

If we replace ¢, by ¢f, D by D*, and E by E* in the relation
between D and E for linear dielectrics,® we obtain

D* = ¢, [E* + y*(E* - n)n] (3.2)
v* = (¢ —€,)/e.=v— B, (3.3)
y=Re(y*), B=Re(jy*)=op/ec,.  (34)

If E has only a z component, given by
E, = Re(E*), (3.5)
then D has the components
D, = ¢, Re[(1 + y*cos?0) E*], (3.6)
D, = ¢, sinfcos §Re(y*E*), (3.7)

where 6 is the angle between the director n and the z axis.
When the director orientation is not constant across the cell, one of
the complications is that E, varies with z through 8(z). Further, if the
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imaginary part of the permittivity is taken into account, there is a
phase difference between D, and E, that depends on 6(z). This has the
interesting consequence that E, is not everywhere in phase with the
applied voltage, but has a phase that varies with §(z). To account for
these z dependences, we take

E* = Eeltor9) (3.8)

where both E and ¢ are understood to depend on z through 6(z).
Then (3.7) becomes

D, =€, Esinfcos8[ycos(wt — ¢) + Bsin(wt — ¢)]. (3.9)

The torque per unit volume P X E has magnitude D E, and time
average

(D.E,) = 4ve , E*sinfcosd. (3.10)

The torque tends to align the director along the field (parallel or
antiparallel) when y > 0, and perpendicular to the field when y < 0.
In terms of the electric field amplitude E, the time average of the
torque is given simply by (3.10). However, E itself has a complicated
dependence on #(z) that should be taken into account unless the
anisotropy is small.

We turn now to the relation of E to the voltage and the configura-
tion #(z). The key to obtaining this relation is the condition that the
total current (J + D) have zero divergence. From the anisotropic form
of Ohm’s law, the z component of the conduction current is

= 0%(1 + rcos*0)E,, (3.11)
r=(ofc - 0d) /o, (3.12)

With J, from (3.11), D, from (3.6), and E, from (3.5) and (3.8),

J,+ D, = «[ pcos(wt) + gsin(wt)] (3.13)
where

p=(acos¢ + bsing)E, (3.14)

q=(asing — bcos)E, (3.15)

a=0%(1+ rcos?0)/w + €, Bcos?8. (3.16)

b=c¢, (1+ycos?d). (3.17)
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The divergence-free nature of J + D requires p and g to be constant.
This condition determines E and ¢ as functions of cos?6. The values of
the constants p and g are then determined from the condition that the
voltage V cos(wt) must be given by

veos(wt) = [ E,dz. (3.18)
—ds2

Define ¢(z) and a by the equations

e(z) = (a® + ?)?, (3.19)
cosa =a/e(z), sina=b/e(z). (3.20)

A brief excursion into algebra yields

E=(p+q%)"/e(2), (3:21)
Ecos¢ = (pcosa — gsina)/e(z), (3.22)
Esing = (psina + gcosa) /e(z). (3.23)

In view of (3.18) and the form of these last equations, it proves
expedient to define

d/2 sina d/2 COSa
I = dz, I, = . .
. /Lch(z) 2 , jlwqc(z)dz (3.24)

Substitution into (3.18) then yields
Veos(wt) = (pI, — ql;)cos(wt) +( pI, + ql,)sin(wt), (3.25)

whence

v, - VI,
= : = : 3.26
Pm v TR (3:26)

With p and g determined, (3.22) and (3.23) now enable the electric
field to be found through (3.8). Note that the configuration 6(z) must
be specified in order to evaluate the integrals I; and I,.

By substitution from (3.26) into (3.13), we see that the admittance
of the cell is

yo AL AL
R+ i+

(3.27)
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which is like a parallel capacitance C and resistance R satisfying

C=AL/(I}+ I2), (3.28)
R = (I} + 1}) /AL, (3.29)

The @ of this RC combination is
Q=wCR=1/1,. (3.30)

Egs. (3.30) and (3.28) can be solved for I; and I,, making it possible to
express I; and 7, in terms of experimentally measured values C and Q,
as an alternative to carrying out the integrations in (3.24). The results
are

AQ __AQ* (3.31)

L= (0> +1)C’ h= (0> +1)C’

In the nondissipative approximation,a = 0, a = /2,1, = 0, and [,
reduces to

I, =

f a2 _dz (lossless case) (3.32)

~4p2€(2)

so that the capacitance is 4 /I;, in agreement with (3.28).
Returning now to the torque (3.10), we use E from (3.21), and p and
g from (3.26) to obtain

V% ysinfcos 6

D.E) = -
Bk = i+ B) (e

(3.33)

If voltages at two or more frequencies are superimposed, the re-
sultant voltage can be expressed as

V() = Z Vicos(w;t). (3.39)

Associated with each frequency w; is an electric field distribu-
tion E;(z), ¢,(z) and corresponding components of electric displace-
ment. The instantaneous torque is a complicated product of sums:
(D, E,(2)). But because of the orthogonality properties of sin(w?)
and cos(wt), its time average reduces to a sum of terms like Eq. (3.33).
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Thus,
(D,E,) = %elsinﬂcosl92yi[E,.(z)]2 (3.35)

where
1%
z) = : . (3.36)
(17 + 12),¢(2)

With 7, and I, from (3.31), Eq. (3.36) becomes

v+ o)
B AQi‘i(Z) '

E(z) (3.37)

In a dual-frequency material, the voltage of a high frequency having vy,
negative and of a low frequency having v, positive can be chosen such
that their torques nearly cancel each other.

If the voltage is applied as a square wave or some shape other than
sinusoidal, then the above equations apply to each Fourier compo-
nent.

4. EXAMPLE OF TORQUE DISTRIBUTION

In the model (3.1),

0 o0

Y —7
=y 4 4.1
nEY l+¢,.>,-2'r2 ( )

We suppose the configuration is given by
0(z)=7n/2 +(7—26,)z/4d, (4.2)

which is an exact solution for the symmetric horizontal equilibrium
configuration at zero field in the special case of equal elastic constants.
Then

B d 76, Bcos*ddo
L= (77—20)-/ 3 —. (43)
. 5) 76 (1 + ycos’d)” +(Bcos?f)
3 d -0, (1 + ycos’8) db 44
Il_c (71—20)f 29)2 29)2° (4.4)
L 5) 76, (1 + ycos?0)” +(Bcos?d)
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The substitution x = cos?6 brings these integrals to

d cos?f, Bx dx
& €, (7 - 20b)fo [(1+ yx)” +(Bx)][x(1 - )]
(4.5)
[ = d /c0s20,, (1 + yx)dx .
e (m=20) 0% [(1 4 yx)? +(Bx)Y [x(1 - %)
(4.6)

These integrals can be handled by partial fraction expansions of the
rational factor in the integrands.
In the nondissipative case, I, = 0 and I; becomes

2d{Z — tan~tan6,/(1 + v)""*
/= (3 [1aaty/ 1 + 1))

e, (m—26,)(1+7)" )

The capacitance of the symmetric horizontal configuration is then
C=A4/I.

The parameters in Egs. (3.1) or (4.1) can be chosen to fit the
dielectric properties of the material of Ref. 1, Table I at 0.1, 5.1, and
40 kHz. The results are shown in Table 1. The values of ¢, y, and 8
calculated from the model (3.1) at 0.1 kHz and 40 kHz are shown in
Table I1. Since the values of B8 are relatively small, we shall carry out
the example based on the lossless approximation. With € = d/I;, and
I, = 0, Eq. (3.36) reduces to

_ Vié;
eld[l + 'y,-coszl9(z)] ’

E(z) (4.8)

TABLEI

Parameters in Eqgs. (3.1) and (4.1)
(€0 = 8.854 X 10 "2 F/m)

Parameter Value
€,/¢ 5.25
€0/¢, 8.20
€ /e, 3.40
T 39.4 usec
y° 0.562

¥* -0.352
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TABLEII
Values at 0.1 kHz and 40 kHz with 6, = 70°

Parameter 0.1 kHz 40 kHz
B 0.02 0.09
y 0.562 - 0343
£=d/I, 5.365¢ 5.178¢,
0.8 T T T T T T T T T T T
2
o7l -
m. 06] .
£
E OS5 -
Z
z 04r 5.3V, 40 kHz
w 0.3F .
=
3 0.2 -
o RESULTANT 3
> 0.1 ) / n
E o : ; = : — -
2 o 02 04 06 08 10
e 2 z2/d
W g2t s
W -0.3 4V, 400 Hz 7
g -04t =
(@]
F -0.5F .
-0.6} 4
_0.7 1 1 1 1 1 1 1 ] 1 L l

FIGURE1 Examples of torque distribution in the symmetric horizontal configuration
of Eq. (4.2) with 8, = 70° and 4 = 10 pm. The curves show, for the material of Tables 1
and II, the time averaged torque per unit volume versus 2z/d resulting from (1) 4 V
amplitude at 100 Hz, (2) 5.3 V amplitude at 40 kHz, and (3) the above combination. In
this example, the high frequency overcomes the orienting effect of the low frequency.

Figure 1 shows the distribution of torque per unit volume for V; =
4V at 0.1 kHz and ¥V, = 5.3 V at 40 kHz, calculated from (3.35) with
0(z) from (4.2) and E,(z) from (4.8).
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